
4.2 The Logarithmic Function
Definition 1: The Logarithmic Function is the inverse function of the
exponential function. The logarithmic function can be written in the
general form g(x) = loga(x), where a > 0, a 6= 1, x > 0. The logarithm
can also defined as y = loga(x) ⇔ ay = x.

Remember, this is an inverse function and inverse functions switch
inputs and outputs. Once we realize the most basic principles of
these simple mantras, we will realize the key to understanding these
apparently convoluted ideas of mathematics.

Many students have a difficult time understanding logarithms simply
because they are unfamiliar. There is only one remedy for this and
that is effective practice: constant meditation and drilling upon the
fundamental concepts, coupled with rigorous practice of quality prob-
lems. Unfamiliar ideas or appearances often trigger the flight-or-fight
mechanism of the sympathetic nervous system. Fear is the correct
emotional response to danger, but we often feel fearful in situations
that pose no danger. Danger is real, but fear is only an emotion.
Many students fear math and quit before even trying. Hence the
long-held belief that some are simply not “math people.” There is
no such thing. There are those that work hard and overcome only
to realize that math is not as difficult as it first appears, and there
are others that quit prematurely. Perseverance is the only means to
understanding mathematics. Of course you need to follow the right
path. There is an efficient and effective means to achieve this, but it
takes plenty of work.

Similar to the exponential function, the logarithmic function is gov-
erned by a short list of simple rules. Memorize these rules by re-
copying them at least five times (or as many times as necessary).
Memorizing these rules is only the first step. The end goal is to see
both sides of the equation simultaneously. This can only be achieved
through rigorous practice.
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THE THREE LAWS OF LOGARITHMS

Assume a > 0 and a 6= 1

loga(x) + loga(y) = loga(x · y)

loga(x)− loga(y) = loga(
x
y )

y · loga(x) = loga(x
y)

Just as with the Five Laws of Exponents, we must write and re-
write each equation until we achieve a conditional response. When
we see the left side of the equation as a perfect copy of the right, and
vice versa, then we know we are on the right track. Both sides are
identical. This basic property is what makes the equation so unique.

Now we need to figure out what each variable represents and why
each is positioned where it is. In other words, we have to read and
think of each equation in the language it is written.

Look at the first law: loga(x) + loga(y) = loga(x · y).

We will assume that a > 0 and a 6= 1, otherwise the statement will
make no sense.

The first law should be read as “log-base-a of x plus log-base-a of y is
equal to log-base-a of x-times-y.” The base of the logarithm defines
the particular type of log. For example 2 · x is a function of x that
is defined by it’s multiplication by 2. It’s important to note that the
base of the log is located in the subscript of the “g” in the log. The
input of the log is found in the parentheses. What the first law of
logarithms says is that when you add two (or more) logarithms of the
same base, then it is the same as multiplying the inputs in a single
logarithm. It seems strange at first, because we do not often use the
logarithm in daily life. It is unfamiliar to us. Do not let this get in
the way of progress. It is an obstacle that needs to be overcome, but
it is not impossible. Perhaps if we learn to properly use logs, we will
use them more often in daily life.
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Basic Properties of the Logarithmic Function.

Recall that a fundamental property of a function is the domain of
that function and the set of all possible inputs. Since g(x) = loga(x) is
among our list of three cautionary functions, the domain of the log
is restricted. Written in set notation as Dg = x |x > 0. The range of
a function is also very important. The range is the set of all possi-
ble outputs; it is also the domain of the inverse function, provided it
exists. The inverse function of the logarithmic function is the expo-
nential function. That is, if g(x) = loga(x) then g−1(x) = ax. Recall that
the domain of the exponential function is all real numbers. There-
fore, the range of g(x) is all outputs y ∈ R. Written in set notation
as Rg = y | y ∈ R. There are three points that can always be found
on the graph of the logarithmic function g(x) = loga(x). From left to

right (from bottom to top) these are (
1

a
,−1), (1 , 0), (a, 1).

Example 1: Graph the function f(x) = log2(x).

It is important to note that the function passes through three signif-

icant points
(
1

2
,−1

)
, (1, 0) , (2, 1).

Notice that these are the same points graphed in the previous section
for f(x) = 2x with the x and y values switched.

Example 2: Graph the function f(x) = log1/2(x).
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It is important to note that the function passes through three signif-

icant points (2,−1) , (1, 0) , (1
2
, 1).

Notice that these are the same points graphed in the previous section
for f(x) = 2−x with the x and y values switched.

Example 3: Graph the function f(x) = log1/3(x− 1).

It is important to notice that the function passes through three sig-

nificant points (4,−1) , (2, 0) , (4
3
, 1).

Notice that these are the same points graphed in the previous section
for f(x) = 3−x + 1 with the x and y values switched.
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Example 4: Write each as a single logarithm and evaluate.

(a) log3(27) + log3(3) = log3(27 · 3).

log3(27 · 3) = log3(81) = log3(3
4) = 4.

(b) log3(27)− log3(3) = log3(27/3)

log3(27/3) = log3(9) = log3(3
2) = 2

(c) 4 · log3(3) = log3(3
4)

4 · log3(3) = log3(3
4)) = 4

Now recall that the logarithm and the exponent are inverse functions,
but only when the base of the logarithm and the base of the exponent
are the same.

Because f(x) = ax and g(x) = loga(x) are inverse functions, it is a
consequence that the composition of functions f(g(x)) = g(f(x)) = x.

That is to say that when the bases match, we have the following:

Properties:

1. f(g(x)) = f(loga(x)) = aloga(x) = x

2. g(f(x)) = g(ax) = loga(a
x) = x
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Remember these simple ideas and they will get you far. The logarith-
mic function and exponential function are inverses. Inverse functions
simply switch the inputs with the outputs and vice versa.

We may use this fact to solve equations involving exponential and
logarithmic equations.

Example 5: Solve the following equation for x.

log5(x) = 3

Use Property 1 and put both sides in the power of the base of the
logarithm. Be sure to put both the entire right and left sides of the
equation in the power of the base.

5log5(x) = 53

The base of the exponent and the logarithm on the left side are the
same. Hence, they are inverse functions.

The above simplifies to yield x = 53and so x = 125.

Example 6: Solve the following equation for x.

log3(81) = 6x+ 10

3log3(81) = 36x+10

81 = 36x+10

81 = 36x· 310

Now you may notice that this has become a bit cumbersome. Through
practice you will obtain object recognition and know when to employ
different methods in different situations. Here it is best to avoid
Property 1. Instead, notice that the inside of the logarithm can be
represented as a base of the logarithm and there is no need to apply
the inverse function. That is, 81 = 34. This often intimidates students,
as they may begin to believe that there are too many ways to look at
one problem. This is not the case. Through practice we will see that
the list of methods for solving such problems is very short.

We begin the example again with a refined technique.
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log3(3
4) = 6x+ 10

4 = 6x+ 10

4− 10 = 6x

−6 = 6x

−1 = x

It is often useful to exploit the Three Laws of Logarithms in order to
express a sum or difference of logs as a single log, or vice versa. It
is important to note that the base of the logarithm does not matter,
but the bases must all be the same in order to apply the Three Laws
of Logarithms.

Example 7: Combine the sum and difference of logs in order to write
the expression as a single log.

4log3(x+ 1) + 6log3(x
2 + 4)− 1

2 log3(x
5 + x)

First note that there is no law that allows us to manipulate addition
or subtraction of expressions inside a logarithm.

We begin by applying the Three Laws of Logs in reverse order, start-
ing with the third law and bringing all of the coefficients up into the
log and expressing them as an exponent of the entire inside of the
log.

log3(x+ 1)4 + log3(x
2 − 4)6 − log3(x

5 + x)
1
2

Next we can apply both the second and first laws simultaneously.

log3(
(x+ 1)4(x2 − 4)6

(x5 + x)
1
2

)

Example 7: Write the following logarithm as a sum or difference of
logs and all powers as coefficients.

log10(
(x3 + 2)5( 4

√
6x2 − x+ 5)

(2x+ 1)3
) = log10(

(x3 + 2)5(6x2 − x+ 5)
1
4

(2x+ 1)3
)
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The first step is to use laws one and two to express the sum and
difference of each log, respectively. Notice that the fourth root needs
to be expressed as a rational exponent first.

log10(x
3 + 2)5 − log10(2x+ 1)3 + log10(6x

2 − x+ 5)
1
4

Finally, we bring down all of the exponents that contain the entire
inside of each log to the front of the log to be expressed as coefficients
of their respective logarithms.

5log10(x
3 + 2)− 3log10(2x+ 1) + 1

4 log10(6x
2 − x+ 5)

In the next section we will learn how to properly identify different
exponential and logarithmic equations, and in turn realize a proper
manner in which to solve each equation.
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